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Non-technical Summary
Traditionally, monetary policy is analyzed under the assumption of fully rational expectations. Both survey data and laboratory experiments show, however, that there is considerable heterogeneity in expectations. The rational expectations hypothesis does not allow much room to analyze the credibility of the central bank (CB), which is of crucial importance in liquidity traps where the zero lower bound on the nominal interest rate is binding.
We derive policy implications for an inflation targeting central bank under more realistic heterogeneous expectations. In our model, the credibility of the central bank is determined endogenously and depends on the CB's past ability to achieve its targets. We do this in a New Keynesian framework with heterogeneous agents and boundedly rational expectations. There are two types of agents. The first type, called fundamentalists, believes in the targets of the central bank and expects future inflation and output gap to be equal to the targets of the central bank. The fraction of fundamentalists can be interpreted as the credibility of the central bank. The second type uses a simple naive expectations rule, which uses the last observation as its best guess for future realizations of inflation and output. The naive heuristic coincides with rational expectations when inflation or output follows a random walk. If inflation or output follows a near unit root process, the naive forecast is nearly rational. Naive agents furthermore add persistence in inflation and output gap to our model in a very simple and intuitive manner, without the need to assume heavily serially correlated shocks. Agents are boundedly rational and switch between these two forecasting heuristics based upon their relative performance.
We find that under heterogeneous expectations, conditions on monetary policy for local stability are strictly weaker then conditions for local determinacy under rational expectations. Furthermore, with theoretically optimal monetary policy, global stability of the fundamental steady state can be achieved, implying that the system always converges to the targets of the central bank.
This result, however, no longer holds when the zero lower bound on the nominal interest rate is accounted for. Self-fulfilling deflationary spirals can then occur, even under otherwise optimal monetary policy. The occurrence of these liquidity traps crucially depends on the credibility of the central bank. As long as the CB retains full credibility, the economy will never fall into a deflationary spiral; and, if the economy has entered a liquidity trap, an increase in credibility can lead to recovery to the CB's targets. Deflationary spirals can further be prevented with a high inflation target, aggressive monetary easing, or a more aggressive response to inflation in the Taylor rule.
Many central banks (CBs) have recently adopted some form of inflation targeting. Besides setting the nominal interest rate, an important aspect of inflation targeting is managing expectations. This is stressed by Woodford (2004) , for example. For the inflation targeting to be effective, it is important that the CB has enough credibility. If the private sector does not believe the CB when it announces an inflation target, the realized value of inflation will likely not be equal to this target. Whether the CB is likely to be believed will typically depend on whether it was able to achieve its targets in the past.
Inflation targeting is usually modeled in a New Keynesian setting under the assumption that agents have fully rational expectations. Under this assumption, all agents form the same perfectly modelconsistent expectations, which, in the absence of shocks, implies that they have perfect foresight. When rational expectations are assumed, there is no longer a clear role for the credibility of an inflation and output gap target inside the model. Either expectations about inflation and output coincide with the targets of the central bank and the CB has full credibility, 1 or expectations are not in line with the targets and the announcements of the CB are not credible.
Rational expectations are an unrealistically strong assumption when inflation and output forecasts by price setters (i.e., the private sector) are concerned. Both surveys of consumers and professional forecasters and laboratory experiments with human subjects show that there is considerable heterogeneity in inflation forecasts (e.g., Mankiw et al., 2003, and Pfajfar andŽakelj, 2018) . Assenza et al. (2014) furthermore show that in their laboratory experiments, expectations of subjects can quite accurately (both qualitatively and quantitatively) be described as switching between simple heterogeneous forecasting heuristics based on their relative past performance.
In this paper, we study inflation targeting and liquidity traps under heterogeneous expectations.
Instead of assuming rational expectations, a heuristic switching model is used, which allows for endogenous credibility. Heuristic switching models were introduced by Brock and Hommes (1997) and have since successfully been used to model heterogeneous expectations in finance and macroeconomics (Hommes, 2013) . In our model, agents switch between two intuitive forecasting heuristics based on relative performance. The most important forecasting heuristic can be described as "Trust the central bank". Followers of this heuristic are called fundamentalists and expect future inflation and output gap to be equal to the targets of the central bank. The fraction of fundamentalists can be interpreted as the credibility of the central bank. In contrast with rational expectations models, our model, therefore, involves endogenous credibility. We assume that this fundamentalist belief competes with naive expectations, which use the last observation as their best guess for future realizations of inflation and output.
The naive heuristic coincides with rational expectations when inflation or output follows a random walk.
If inflation or output follows a near unit root process, the naive forecast is nearly rational. Naive agents furthermore add persistence in inflation and output gap to our model in a very simple and intuitive manner, without the need to assume heavily serially correlated shocks. Similar to the naive heuristic, Milani (2007) has stressed that homogeneous adaptive learning also generates high persistence in inflation and output dynamics, especially under constant gain learning (Evans and Honkapohja, 2009 formed by a heuristic switching model with fundamentalists and naive agents. Fundamentalists here make use of the forward-looking relation between inflation and marginal costs and use a VAR approach to forecast inflation. This lends support for an endogenous switching mechanism between the two heuristics based on past performance. Moreover, there is substantial time variation in the fractions of fundamentalists and naive agents. Whenever inflation drifts away from its target, either above or below, the fraction of naive agents increases, reinforcing persistent drifts away from the target. Branch (2004, 2007) fits a heuristic switching model with, among others, a naive heuristic and a fundamentalist VAR heuristic to data from the Michigan Survey of Consumer Attitudes and Behavior and finds clear evidence of switching between heuristics based on past performance. A case study of the Volcker disinflation by Mankiw et al. (2003) further illustrates the presence of our two heuristics in survey data.
In their Figure 12 (Mankiw et al., 2003, p. 46) , the evolution of inflation expectations as measured by the Michigan Survey from 1979 up to and including 1982 is plotted. They show that at the start of 1979, expectations were centered on a high inflation value. Over the next eight quarters (during which Paul Volcker was appointed chairman of the Board of Governors of the Federal Reserve Board), the distribution of expectations clearly becomes bimodal, with a fraction of agents still expecting the same high values of inflation and another fraction expecting lower inflation. In terms of our model, this can be interpreted as follows. Before Volcker was appointed, the FED had little credibility, and most agents expected inflation to remain at the high values that it had been at in the recent past (consistent with the naive heuristic). In the following quarters, the FED gained more credibility, and an increasing fraction of agents started to believe that Volcker would be able to drive down inflation towards its target level (more agents started to follow the fundamentalist heuristic). Furthermore, when in 1982 actual inflation started to decline, the mass on high inflation expectations slowly started to move towards lower inflation. This can be interpreted as backward-looking, naive agents believing that lower observed inflation would also mean lower inflation in the future.
We first abstract from a lower bound on the nominal interest rate and analyze the stability properties of our heuristic switching model in normal times. Here it is shown that the region of policy parameters that leads to a locally stable fundamental steady state (with inflation and output gap equal to the target) is strictly larger than the region of policy parameters that gives a locally determinate rational expectations equilibrium. Even when the Taylor principle is not satisfied, there could very well be convergence to the fundamental steady state in our model. The intuition for this result is that a central bank that was able to gain credibility in the past has to do less with its current interest rate policy to stabilize expectations than a central bank that does not have credibility.
Next, we introduce the zero lower bound (ZLB) on the nominal interest rate within the heterogeneous expectations framework and investigate its effect on inflation and output gap dynamics. It turns out that with the ZLB, expectations-driven liquidity traps can arise. In rational expectations models, shocks to the fundamentals of the economy can lead to a temporary liquidity trap. However, as soon as the sequence of bad shocks is over, the liquidity trap is immediately resolved. In our model, a one-period shock to economic fundamentals can lead to a prolonged liquidity trap due to a loss in credibility of the central bank and low, self-fulfilling expectations. Mertens and Ravn (2014) highlight the distinction between expectations-driven liquidity traps and fundamental liquidity traps. Depending on the magnitude of the shock and the level of credibility, our expectations-driven liquidity traps can be temporary or take the form of a deflationary spiral with ever decreasing inflation and output gap. Arifovic and Petersen (2015) , Assenza et al. (2014) and Hommes et al. (2018) . When the ZLB is accounted for, the fundamental steady state can no longer be globally stable, but only locally stable, coexisting with a deflationary spiral region. This deflationary spiral region becomes especially dangerous when there is low credibility and naive agents create persistence in the economy through sluggish beliefs. In this case, the central bank has a harder time managing aggregate demand, and negative shocks can bring the economy more easily to the ZLB than in the case of rational expectations. In contrast, as long as credibility remains high enough, deflationary spirals do not arise. Finally, we illustrate in simulations that the central bank can prevent deflationary spirals by increasing the inflation target and conducting aggressive monetary easing as soon as a liquidity trap is imminent.
Deflationary spirals have recently been observed in laboratory experiments by
Our model is closely related to that of Branch and McGough (2010) and De Grauwe and Ji (2018) , who use heuristic switching models in a monetary policy environment with combinations of forecasting heuristics that are similar to ours. We add to Branch and McGough (2010) by also studying the ZLB on the nominal interest rate, and our contribution differs from De Grauwe and Ji (2018) in that they rely solely on simulations and do not provide analytical results. Other works with heuristic switching models in a macroeconomic setting include De Grauwe (2011), Anufriev et al. (2013) , Massaro (2013) and Agliari et al. (2015) .
Closely related to our investigation of liquidity traps under bounded rationality are Eusepi (2010), Evans et al. (2008) and Benhabib et al. (2014) . These authors study monetary and fiscal policy under adaptive learning in a New Keynesian framework. They show the existence of two equilibria: the target equilibrium and an equilibrium with low inflation. The existence of this second equilibrium when a ZLB is introduced to the model was first highlighted by Benhabib et al. (2001a,b) . Evans et al. (2008) show that, in their model, a liquidity trap arises in the form of a deflationary spiral with ever decreasing inflation and output gap. A drawback of these models is their focus on a representative agent with adaptive learning. In our model, we extend the analysis to allow for heterogeneity in expectations and define an explicit measure of endogenous credibility. Moreover, we are able to obtain analytical expressions for dynamics under the ZLB. Orphanides and Williams (2004) and Busetti et al. (2014) consider endogenously evolving anchoring of expectations, which is related to our concept of credibility. In these papers, agents use adaptive learning with a constant gain in the updating of their perceived law of motion. When this constant starts to deviate from the target of the central bank, this can be seen as de-anchoring of expectations.
Moreover, such deviations from the target arise as inflation realizations have been farther away from the target in the recent past. Other papers with such perpetual learning in a monetary policy setting include Williams (2005, 2007a,b) . This de-anchoring of expectations is related to our concept of endogenous credibility. However, our model with heterogeneous agents allows us to define a more formal metric of credibility as the fraction of agents that trust the targets of the central bank.
Under homogeneous expectations, either all agents believe in the targets, or their beliefs deviate from the targets, in which case one can only look at the distance between their belief and the target. Although this distance is definitely interesting, we believe that our model more naturally and intuitively fits the concept of credibility and its endogenous evolution.
The rest of the paper is organized as follows. In Section 2, the New Keynesian model is presented.
Section 3 introduces the heuristic switching model and conducts the analysis without the zero lower bound. In Section 4, the ZLB is added to the model, and liquidity traps are analyzed. Simulations that illustrate how liquidity traps arise and how policy interventions can prevent this are presented in Section 5. Section 6 concludes.
Inflation-targeting model
In order to facilitate comparison with the rational expectations benchmark we use a standard New Keynesian model in line with Galí (2002) and Woodford (2003) . Micro-foundations of this model under heterogeneous expectations are derived in the online appendix. This derivation is closely related to the micro-foundations in Kurz et al. (2013) , but additionally makes use of the properties of our heuristic switching model, defined in Section 3. The New Keynesian IS curve and Phillips curve, describing the output gap and inflation, respectively, are given by:
and
Here β is the discount factor, and
with σ and η the inverses of, respectively, the elasticity of intertemporal substitution and the elasticity of labor supply.
(1 − ω) is the fraction of firms that can adjust their price in a given period. i t is the nominal interest rate, which can be freely chosen by the central bank, whiler = 1 − 1 β is the steady state real interest rate.Ē t denotes aggregate expectations of all agents in the economy, and u t and e t are shocks to, respectively, output gap and inflation, which can be interpreted as a productivity or preference shock and a cost-push shock. Throughout the paper, shocks will be white noise and hence have no autocorrelation.
We assume the central bank uses the following forward-looking Taylor rule that replaces contemporaneous values of inflation and output gap by expectations in the rule proposed by Taylor (1993) :
Abstracting from shocks and plugging (4) into (1) gives the following model:
We assume here that the model parameters are positive, and that the policy parameters of the central bank are non-negative.
Analysis with heuristic switching model
In this section, a heuristic switching model is used to analyze the dynamics of output gap and inflation when expectations are non-rational and heterogeneous. In the heuristic switching model, as in Brock and Hommes (1997) , beliefs are formed by a set of simple rules of thumb, or heuristics. The population consists of agents that can switch between those heuristics. As a heuristic performs better in the recent past, the fraction of the population that follows that prediction rule increases. Agents are therefore learning over time by evolutionary selection based upon relative performance. The fractions of agents following the different heuristics evolve according to the following discrete choice model with multinomial logit probabilities (see Manski and McFadden (1981) ):
Here n h,t is the fraction of agents that follows heuristic h in period t, and U h,t is the fitness measure of heuristic h in period t, i.e., a measure of how well the heuristic performed in the past. Finally, b is the intensity of choice. The higher the intensity of choice, the more sensitive agents become with respect to the relative performance of the heuristics.
We assume private sector beliefs are formed by two simple but plausible heuristics: fundamentalist and naive. Followers of the naive heuristic make use of the high persistence in inflation and output gap dynamics and believe future inflation or output gap to be equal to their last observed values. Note that the naive forecast is optimal when inflation and output follow a random walk, and close to optimal when the system contains a near unit root.
Followers of the fundamentalist heuristic, on the other hand, believe inflation and output gap to be equal to the target values of the central bank, π T and x T , in every period. In the presence of shocks, the central bank will not be able to achieve these targets in every period. However, since shocks are assumed to be white noise in our model, expectations of fundamentalists coincide with rational expectations when there are no naive agents. Fundamentalists can thus be seen to act as if all agents are rational. They do not take into account that there are other agents in the economy, as they lack the cognitive ability to know exactly the beliefs of other agents or the number of agents with different expectations. Since fundamentalists believe in the long-run targets of the central bank and see these long-run values as the best predictors for short-run future inflation and the output gap, we can interpret the fraction of fundamentalist agents in the economy as the credibility of the central bank.
Note that we talk about the credibility of the central bank's target values of inflation and output gap, and not about the credibility of its future policy actions (as credibility is often referred to in the literature). This is in line with the fact that inflation targeting can be seen as a commitment to goals rather than a commitment to future actions and details of the CB's operations. Credibility over targets furthermore implicitly captures both the CB's willingness to take actions to achieve its targets and its ability to do so, where the latter is not straightforward in an economy with boundedly rational agents.
Finally, let the fitness measure for both variables be a weighted sum of the negative of the last observed squared prediction error, and the previous value of the fitness measure:
where 0 ≤ ρ ≤ 1, is the memory parameter, andẼ represents boundedly rational expectations of either naive agents or fundamentalists. For analytical tractability, ρ is set to 0 for now and reintroduced in the simulations in Section 5.
To simplify calculations and presentation, we introduce a new variable, which is defined as the difference between the fraction of fundamentalist agents (n z t ) and the fraction of naive agents (1-n z t ): 2
When all agents are fundamentalists, the difference in fractions equals 1, and when all agents are naive, the difference in fractions equals −1. Henceforth we will refer to these differences in fractions simply as fractions. These fractions can be interpreted as endogenous credibility. When m x t = m π t = 1, the central bank has full credibility, and when m x t = m π t = −1, the CB has lost all its credibility. This credibility measure will turn out to be very important in determining the effectiveness of monetary policy.
Using (9), aggregate expectations about inflation and output gap can be written as
The model is now given by (5), (6), (10), (11) and two equations for m x t+1 and m π t+1 that can be obtained by combining (7), (8) and (9):
As discussed in the online appendix, this is a six-dimensional system, whose state vector can be written as
Steady states and stability
The central bank aims to keep inflation at its target level. It would, therefore, be desirable for our dynamical system to have a steady state with π * = π T . Proposition 1 states that such a steady state indeed exists, as long as the central bank chooses an output gap target corresponding to the desired inflation level. The proof of Proposition 1 is given in the online appendix.
Proposition 1. When the central bank sets x T = 1−β κ π T , then a steady state with π * = π T , x * = x T , m x * = 0, m π * = 0 exists for any value of π T .
From now on, we will assume that the central bank always chooses an output gap target consistent with its inflation target so that the steady state where π * = π T and x * = x T exists. Since this steady state coincides with the expectations of fundamentalists, we call this steady state the fundamental steady state. Even though in this steady state convergence to fundamentalist expectation values has taken place, it is not the case that all agents use the fundamentalist heuristic. This is so because the naive heuristic also gives perfect steady state predictions, so that both fundamentalists and naive agents have perfect foresight at the fundamental steady state. The difference in fractions, therefore, equals zero for both variables (m x * = m π * = 0). An intuition for this is that when the economy is stable around the central bank's targets, all agents have expectations close to this target, but that the reason for these expectations differs across agents. In particular, some agents (the fundamentalists) trust the credibility of the central bank and believe that the central bank will also be able to achieve its targets in the future.
Other agents (the naive), however, expect values close to targets only in the short run, because inflation and the output gap were close to the targets in the recent past. When larger shocks start hitting the economy, the first group of agents will keep believing in the targets, while the other group of agents will start to have different expectations farther from target, in line with recent observations in the economy.
The central bank would like to achieve convergence to the fundamental steady state from as wide a range of initial conditions as possible. This requires first of all that the fundamental steady state is locally stable. The central bank can try to achieve stability of the fundamental steady state by choosing the right values of the parameters in its monetary policy rule, φ 1 and φ 2 . It turns out that the inflation target, π T , does not matter for the stability of the fundamental steady state. Proposition 2 describes the conditions for local stability. The results of the proposition are illustrated in Figure 1 and will be discussed below. The proof of Proposition 2 is given in the online appendix. Figure 1) The fundamental steady state is locally stable if and only if
Proposition 2. (See
At φ 1 = φ P F 1 , a subcritical pitchfork bifurcation takes place (with two unstable, non-fundamental steady states above the bifurcation value), with λ 1 = +1. At φ 1 = φ P D 1 , a period-doubling bifurcation takes place, with λ 2 = −1. This bifurcation is subcritical (with a 2-cycle below the bifurcation value) if φ 2 < 3σ and supercritical (with a 2-cycle above the bifurcation value) if φ 2 > 3σ.
It follows from Proposition 2 that the fundamental steady state can be unstable either because the central bank responds too weakly or because the CB responds too strongly to inflation and output gap expectations. The intuition of instability of the fundamental steady state due to monetary policy that reacts too weakly is the following. If period t expectations about period t+1 inflation and/or output gap are high, and the central bank does not respond with a large enough increase in the interest rate, these high expectations will lead to period t realizations of inflation and output gap that are even higher. This will lead expectations about period t + 2, formed in period t + 1, to be higher than expectations about period t + 1, leading to even higher period t + 1 realizations. This will lead to a loss of credibility for the central bank (more agents become naive), leading to more instability. What follows is a continued rise of both inflation and output gap, together with declining credibility: an inflationary spiral. Analogously, for low initial conditions, a deflationary spiral will occur under weak monetary policy.
If the central bank responds too strongly to expectations, high inflation and/or output gap expectations about period t + 1 are countered in period t by a very high interest rate. This results in very low inflation and output gap realizations in period t, leading to very low expectations about period t + 2.
The CB then sets the interest rate very low in period t + 1, leading to even higher inflation and output gap realizations in period t + 1 than agents had expected. This causes a loss in credibility, and high naive expectations about period t + 3, resulting in a high interest rate and even lower realizations in period t + 2 than agents expected. These cyclical dynamics continue, leading inflation and output gap to jump up and down between ever higher and lower values, with ever declining credibility: explosive overshooting.
[ Figure 1 about here.]
The results of Propositions 1 and 2 can be combined in a bifurcation diagram. This is done in Figure 1 , with φ 1 on the horizontal axis and π t on the vertical axis. The fundamental steady state is located at π t = π T , and the black line between φ P F 1 and φ P D 1 indicates the range of φ 1 values for which this steady state is locally stable. To the left of φ P F 1 and to the right of φ P D 1 the fundamental steady state is unstable, which is indicated by blue dashed lines. In this picture, it is assumed that φ 2 = σ, so that the period-doubling bifurcation is subcritical. This implies the existence of an unstable 2-cycle to the left of φ P D 1 , which is depicted by the red dashed curves. The blue dashed curves between φ P F 1 and 1 represent the non-fundamental unstable steady states from Proposition 1 that are created in the subcritical pitchfork bifurcation. As discussed above, explosive cyclical dynamics, due to overshooting, occur to the right of φ P D 1 . To the left of φ P F 1 , inflation either monotonically increases or decreases, depending on initial conditions. In Figure 1 , it is assumed that initial output gap is at its target, so that the inflation target is the boundary between inflationary and deflationary spirals.
The results of Proposition 2 are similar to the conditions required for local determinacy under rational expectations presented by Bullard and Mitra (2002) . These authors show that when the central bank responds to inflation and output gap expectations, determinacy of the rational expectations equilibrium requires both that the well-known Taylor principle is satisfied and that the central bank does not respond too strongly to expectations. More specifically, the authors find that first of all φ 1 > 1 − (1 − β) φ 2 κ must hold. However, the condition for local stability that follows from Proposition 2 requires φ 1 to be larger than φ P F 1 , which is (under Assumption 1) strictly smaller than the value found by Bullard and Mitra (2002) . The fundamental steady state can, therefore, be locally stable even if the Taylor principle is not satisfied. The second condition for determinacy given by Bullard and Mitra (2002) reduces to
This condition is again strictly stronger than our condition for local stability, which requires φ 1 < φ P D 1 . 3
It can be concluded that with heterogeneous expectations, the range of policy parameters that are allowed in order to have a locally stable fundamental steady state is strictly larger (in both directions) than the range of parameters allowed under rational expectations in order to have a locally determinate equilibrium. The intuition for this result is that the central bank has some credibility close to the steady state. In particular, local stability of the steady state requires that the system converges when half of the agents believe in the target of the central bank. The central bank then only has to stabilize the expectations of the other half of the agents, which results in weaker conditions on monetary policy. For global stability of the steady state, it is however required that the model converges even when the system is far away from steady state and the central bank has lost all its credibility (all naive expectations).
The conditions for that case coincide with the conditions for a locally determinate rational expectations equilibrium. This is stated in Proposition 3, the proof of which is given in the online appendix.
Proposition 3. The fundamental steady state is globally stable when the central bank chooses
The global stability region of the fundamental steady state is indicated by the thick black line in 
Policy implications
The difference between the local and the global stability results of the previous section highlight the importance of the credibility of the central bank in stabilizing the economy. When the central bank is able to retain a substantial amount of credibility, even after a sequence of bad shocks, its conditions on monetary policy will not be very restrictive and lie close to those given in Proposition 2. In our model, this situation would, for example, occur if the intensity of choice is not too high. If, on the other hand, the central bank is likely to lose all its credibility after a sequence of bad shocks, the restrictions on monetary policy lie close to those given in Proposition 3. This is in line with the results of the agentbased model of Salle et al. (2013) , who find that under low (exogenous) credibility of the central bank's inflation target, conditions on policy parameters are much more restrictive than under high credibility.
As in our model, the Taylor principle is furthermore not a necessary condition in the latter case.
[ Table 1 about here.]
To investigate whether the stability conditions are likely to be satisfied in practice, we consider three different parameterizations. The first two columns of Table 1 give the calibrations of σ and κ of Woodford (1999) , Clarida et al. (2000) , and McCallum and Nelson (1999) . Under all calibrations, the discount factor is β = 0.99.
Columns 3 and 4 of Table 1 state the values of the pitchfork bifurcation (φ P F 1 ) and the perioddoubling bifurcation (φ P D 1 ), assuming that φ 2 = σ. Columns 5 and 6 state the values of the global stability restrictions given in Proposition 3. From Column 3 it follows that the pitchfork bifurcation occurs at negative values for all calibrations. This means that, in contrast to the Taylor principle, under these calibrations, the fundamental steady state is locally stable for monetary policy that reacts weakly to inflation (0 < φ 1 < 1) as long as φ 2 = σ. This result furthermore turns out to hold for any non-negative choice of φ 2 . The values of the period-doubling bifurcation (φ P D 1 ) given in Column 4 of Table 1 are all unrealistically high. This means that when φ 2 = σ, reacting too strongly to inflation will not be a problem for any reasonable value of φ 1 . When φ 2 is increased, the values of φ P D 1 decline.
However, even when φ 2 is set to 0.375 (which corresponds to a coefficient of 1.5 when annual rather than quarterly data are used, and which can be considered as very high), the period-doubling bifurcation takes place at φ P D 1 = 7 under the Woodford (1999) calibration, and even higher values under the other two calibrations. Hence, we can conclude that instability due to the period-doubling bifurcation only takes place when monetary policy is extremely aggressive.
Zero lower bound on the nominal interest rate
In the previous section, no restrictions were placed on the values that can be taken by the nominal interest rate. In practice, the nominal interest rate will, however, never be set negative. We will show that if the zero lower bound (ZLB) is accounted for, the global stability result of Proposition 3 no longer holds, but that deflationary spirals with ever decreasing inflation and output gap can arise, under any specification of the Taylor rule. We show this in a sequence of propositions for the limiting case of infinite intensity of choice, i.e., when all agents immediately switch to the best predictor, in Section 4.2.
In Section 4.3, we argue that for finite intensity of choice, qualitatively similar dynamics occur.
First, Section 4.1 presents a brief discussion of the existence of an extra steady state under the ZLB under rational expectations. Section 4.2 then moves on to show that also in our model the introduction of the ZLB can lead to the existence of an additional steady state (Proposition 4), and that the presence of this steady state causes divergence to minus infinity for low inflation and output gap in our model, just as in Evans et al. (2008) .
Whether such a deflationary spiral occurs, however, not only depends on initial inflation and output gap, but also on the credibility of the central bank (i.e., the fractions of fundamentalists). We argue that a liquidity trap can never arise as long as the CB retains full credibility (Proposition 5), and that a self-fulfilling deflationary spiral only arises when naive agents perform better than fundamentalists about both variables (Proposition 6). However, even in a liquidity trap where the CB has lost all its credibility, recovery is still possible if inflation and output gap are not too low. The deflationary spiral and recovery regions are illustrated in Figure 2 . The corresponding sufficient conditions for recovery or a deflationary spiral to occur will be presented in Proposition 7.
Our model is capable of describing expectations-driven liquidity traps. Low initial inflation and output gap can be interpreted as having been caused by a negative shock to the fundamentals of the economy. Under rational expectations, the economy would immediately recover from such a shock if it has no persistence. This is not the case in our model with heterogeneous expectations. Here it is likely that the low realizations of inflation and output gap caused by the shock lead to a loss of credibility of the central bank, i.e., a higher fraction of naive agents. These naive agents expect the low realizations of inflation and output gap, and therefore the liquidity trap, to continue. These low expectations then lead to low realizations of inflation and output gap in the next period, so that the liquidity trap indeed continues, and expectations become self-fulfilling. If the shocks to inflation and output gap were not too large, or if the central bank retained enough credibility, both variables will start to rise again, and recovery to the positive interest rate region occurs. However, if expectations are too low, inflation and output gap start to decline, resulting in more loss of credibility. The economy then ends up in a self-fulfilling deflationary spiral with zero credibility for the central bank.
Rational expectations
It is well established that under rational expectations, the New Keynesian model with a ZLB on the nominal interest rate has two steady states. In particular, as first highlighted by Benhabib et al. (2001a,b) , there are two combinations of a nominal interest rate and an inflation rate that satisfy the Taylor rule with a ZLB as well as the Fisher equation, i − π =r. One of these solutions is the target steady state, while the other steady state has a binding ZLB with i = 0 and π = −r. This second steady state, where monetary policy is passive because the nominal interest rate cannot be set negative, is locally indeterminate under rational expectations.
Below, we investigate whether multiple steady states also arise in our model of bounded rationality when the ZLB on the nominal interest rate is introduced, and what this implies for the dynamics.
Analysis for infinite intensity of choice
When the ZLB is introduced in our model, the nominal interest rate becomes piecewise linear. In normal times the interest rate is still given by Equation (4) and the model is as in Section 3. However, when (4) implies that the nominal interest rate is negative, it is instead set equal to zero. We will refer to combinations of expectations where i t > 0 as the "positive interest rate region". Combinations of expectations that imply a binding ZLB will be referred to as the "ZLB region". In the ZLB region, the model is described by
with fractions given by (12) and (13). The steady states of this nonlinear system depend on the fractions of agents following the different heuristics and therefore are, in general, quite difficult to analyze. For this reason, we first consider the limiting case where the intensity of choice equals infinity, and all agents immediately switch to the best performing heuristic. The (six-dimensional) system then becomes piecewise linear.
Proposition 4 states that, when the intensity of choice equals infinity, at most one (unstable) steady state exists in the ZLB region. In this steady state, fundamentalists make persistent prediction errors, implying that all agents have switched to naive expectations about both variables. Naive agents do not make prediction errors, so in this steady state, expectations are perfectly self-fulfilling. The proof of Proposition 4 is given in the online appendix. 
. This steady state is given by π = −r, x = − 1−β κr and m π = m x = −1, and always is an unstable saddle point. When the Taylor principle is not adhered to
, no steady states exist in the ZLB region.
Initial conditions in the ZLB region typically will not lead to convergence to the steady state of Proposition 4 since it is unstable. Two generic possibilities that can occur for initial conditions in the and at some point cause the system to cross the ZLB and enter the positive interest rate region. From then on, the dynamics will be as in Section 3. That is, for monetary policy that satisfies the conditions of Proposition 3 (and under some additional restrictions, also policy that satisfies the conditions of Proposition 2) convergence to the fundamental steady state occurs. The other possibility for dynamics in the ZLB region is that inflation and output gap decline towards minus infinity. Such a deflationary spiral can be interpreted as an inescapable liquidity trap. We will refer to the first case as "recovery"
and to the second case as "divergence" or as a "deflationary spiral".
When the intensity of choice equals infinity, all fractions are either −1, 1 or 0. Fractions of 0 will typically only occur in a steady state and are not relevant for out-of-steady-state dynamics. This possibility will therefore not be considered below. Four out of six state variables presented in (14) then take on only two different values. These four state variables (fractions for inflation and output gap in the coming two periods) can be represented by a table of 16 different combinations. This is done in Table 2 , illustrating which initial conditions lead to recovery (rather than divergence).
[ Table 2 about here.]
In Proposition 5 it is stated that for the four cases in the first column of Table 2 , initial fractions are such that the system already is in the positive interest rate region from the very first period onward.
For the cases in the first row of Table 2 , the system trivially is in the positive interest rate region after one period. Therefore, it is indicated in Table 2 that for these cases recovery "Always" occurs. The intuition behind this result is that the economy can never be in a liquidity trap when the central bank has full credibility. Proof of Proposition 5 is given in the online appendix. For the remaining nine cases of Table 2 , recovery or divergence occurs conditional on the initial conditions of the other two state variables: π t and x t . For most cases, it is not straightforward to define exactly for which values of π t and x t recovery and divergence occur. However, if a deflationary spiral occurs this must be because all agents have (negative) naive expectations about both variables after a few periods. That is, as long as the CB retains some credibility, the economy has not (yet) entered a deflationary spiral. This is stated more formally in Proposition 6, the proof of which is given in the online appendix.
Proposition 6. A necessary condition for a deflationary spiral to occur is that at some point in time,
s ≥ t, all agents are naive with respect to both inflation and output gap for the next two periods (m π s+1 = −1, m x s+1 = −1, m π s+2 = −1 and m x s+2 = −1).
From Proposition 6 it follows that a necessary condition for a deflationary spiral is that the system at some point has moved to the bottom right entry of Table 2 , with all naive expectations. This entry is, therefore, the most interesting case when a deflationary spiral is concerned, and hence is labeled the "deflationary spiral case". From any other entry in Table 2 either recovery occurs, or the system moves to the deflationary spiral case, after which the occurrence of recovery or divergence depends on the conditions of that case. We, therefore, do not present individual conditions for all these cases, but instead focus on the deflationary spiral case.
If, in the deflationary spiral case, initial inflation and output gap are too low, expectations will remain naive, and output gap and inflation will keep decreasing without bound. If, however, initial inflation and output gap are high enough, recovery occurs, either because of (positive) naive expectations, or because at some point all agents become fundamentalists.
In Proposition 7, sufficient conditions for both recovery and divergence for the deflationary spiral case are presented. This proposition thereby also proves that it is always possible to find initial conditions that lead to a deflationary spiral in our model. The proof of Proposition 7 is presented in the online appendix, and the corresponding deflationary spiral and recovery regions will be presented in Figure 2 .
Proposition 7. (See Figure 2) If all agents' expectations about both inflation and output gap are naive for two consecutive periods (m π t+1 = m π t+2 = m x t+1 = m x t+2 = −1) a sufficient condition for recovery is that
and a sufficient condition for a deflationary spiral (i.e., divergence) is that
where x ev , x out ,x ev ,x out andx inf are defined in the online appendix.
The above implies that for infinite intensity of choice, a deflationary spiral can always occur if initial inflation and output gap are low enough.
The intuition for the conditions that need to be satisfied to provide a sufficient condition for a deflationary spiral is the following. First of all, x t <x ev guarantees that inflation and output gap will keep decreasing as long as expectations about both variables remain naive (initial conditions must lie below the stable eigenvector of the saddle point steady state). Second, x t <x out and x t <x inf guarantee that agents do not become fundamentalists about, respectively, output gap and inflation.
Similar intuitions hold for the sufficient condition for recovery (see the proof of Proposition 7 for details).
[ Figure 2 about here.] Figure 2 plots the conditions from Proposition 7 in the (π, x)-plane for the Woodford (1999) calibration. The thick red line indicates the naive expectations ZLB for our benchmark calibration and an annualized inflation target of 2%. This line separates the positive interest rate region from the ZLB region. Under the above calibration, x t <x inf is always satisfied when x t <x ev and x t <x out hold.
This condition is, therefore, not plotted in Figure 2. x ev andx out are plotted in, respectively, solid green and dashed black lines. For initial conditions to the left of these two lines, the sufficient conditions for a deflationary spiral are satisfied, and inflation and output gap will keep decreasing. For initial conditions to the right of these two lines (at least for the range of values considered in the figure) , the sufficient conditions for recovery 4 are satisfied, and inflation and output gap will increase towards the positive interest rate region. 5
From the steepness of the green and dashed lines, and from the difference in scale on the axes of 
Finite intensity of choice
Now we turn to the more general case of finite intensity of choice, where most, but not all, agents switch to the best performing rule. Because the system is linear in fractions, consider first the other 4 Our "recovery region" is strongly related to the "corridor of stability" discussed in Benhabib et al. (2014) and Eusepi (2010) . 5 In the online appendix, it can be seen that as long as π t < π T (which is the case for the green and the dashed lines in Figure 2 ), it holds that x ev =x ev and x out =x out . limiting case where the intensity of choice is zero. Here, always half of the agents are naive, and half are fundamentalists about each variable. Proposition 8 describes the dynamics of this system. Its proof is given in the online appendix.
Proposition 8. Assume b = 0. If κ ≤ (2−β)σ 2 , the system described by (17), (18), (12) and (13) has a unique, stable steady state with inflation and output gap above their targets. If κ > (2−β)σ 2 , the system has an unstable saddle steady state with inflation and output gap below their targets. Furthermore, the stable eigenvector of the system then has the same slope as that of the system with b = +∞ and all naive expectations.
In all calibrations we consider, it holds that κ < (2−β)σ 2 . It then follows from Proposition 8 that with b = 0, all initial conditions under the ZLB lead to recovery (they are attracted to a steady state in the positive interest rate region). When the naive heuristic is best performing, the set of initial conditions that lead to recovery is, therefore, strictly larger when b = 0 (where half of the agents remain fundamentalists) than when b = +∞.
In line with Proposition 6, the naive heuristic must necessarily be best performing for a deflationary spiral to arise. Focusing on this case, the following can be concluded for finite intensity of choice. 6
Since under finite intensity of choice the system is a convex combination of the systems with b = 0 and b = +∞, it follows that a lower intensity of choice leads to a larger region of initial inflation and output gap from which recovery occurs. In that case, the lines in Figure 2 that separate the deflationary spiral region from the recovery region are moved to the left. The intuition is that a lower intensity of choice results in a significant fraction of fundamentalists (higher credibility), even when inflation and output gap are low for a few periods. These fundamentalists put upward pressure on output gap and inflation, and thereby prevent divergence for some initial conditions where a deflationary spiral would have occurred for infinite intensity of choice. However, for lower inflation and output gap, more and more agents become naive, so that eventually (almost) all agents are naive, just as in Section 4.2, and deflationary spirals still arise.
Shocks to inflation and output gap can push the economy into a liquidity trap by triggering low selffulfilling expectations. How can monetary policy prevent these self-fulfilling liquidity traps? In this section, we address this question with stochastic simulations. These simulations serve two purposes.
First, they illustrate in an intuitive way how stochastic shocks can push our economy with heterogeneous expectations and a ZLB on the nominal interest rate into an expectations-driven liquidity trap (Section 5.2). Second, we study the effectiveness of an increased inflation target and aggressive monetary easing in preventing a liquidity trap (Section 5.3).
Calibration
Unless stated otherwise, the following parameterization is used. We follow Woodford (1999) with κ = 0.024, σ = 0.157 and β = 0.99. We further use the policy coefficients derived by Evans and Honkapohja (2003) , φ 1 = 1 + σκβ µ+κ 2 , φ 2 = σ. Here the weight on output gap in the loss function of the central bank is set to µ = 0.25, following McCallum and Nelson (2004) and Walsh (2003) . The policy coefficients then are given by φ 1 = 1.015 and φ 2 = 0.157. The inflation target is set equal to an annualized 2%.
The shocks to output gap (u t ) and to inflation (e t ), presented in Equations (1) and (2), are reintroduced in this section. Both u t and e t are defined as Gaussian white noise and are calibrated to have an annualized standard deviation of 1.1%. The calibration of the standard deviations of shocks determines the likelihood of the occurrence of periods where the ZLB binds, as well as their severity. With the chosen parameterization, liquidity traps do arise, but they are not so severe that no reasonable policy measure can prevent them. We initialize the simulations at the target steady state. 7 The same random seed will be used throughout this section.
Finally, the parameters of the heuristic switching model need to be calibrated. The memory parameter in the fitness measure, (8), is set to ρ = 0.5, allowing agents to update their evaluation of the heuristics significantly when new information arises, but also to put considerable weight on the past. 8 7 Different initial conditions would change the blue curves for only the first four periods or so, and the thin green curves only in the first period. 8 We also ran all simulations in this section with ρ = 0. This only changes the result quantitatively. The policy measures presented in Section 5.3 still work to prevent liquidity traps with a lower memory parameter, but the magnitude of the policy change needed to achieve this is larger in that case.
The intensity of choice is set to b = 40.000, so that it is possible that almost all agents switch to the same heuristic, but that typically both fundamentalists and naive agents will be present. 9
The effect of the zero lower bound
Because of the presence of shocks in the model, inflation and output gap no longer exactly converge to a steady state but instead keep fluctuating around it. First, the model is simulated for 100 periods assuming there is no ZLB on the nominal interest rate. In Figure 3 [ Figure 3 about here.] Figure 3 illustrates that there are periods where inflation fluctuates closely around the target and periods where inflation drifts away (e.g., around period 30). The intuition behind upward drifts in inflation is the following. When shocks lead to inflation above target for a few consecutive periods, the central bank loses credibility, and most agents become naive with respect to inflation (as can be seen in the middle left panel of Figure 3 , where the fraction of fundamentalists about inflation moves towards 0). The high expectations of naive agents put upward pressure on inflation and become selffulfilling. Meanwhile, the central bank tries to control inflation by increasing the interest rate, but does not immediately succeed. This is so because the CB also cares about the output gap and does not want to react too strongly to inflation expectations in order to limit variations in the output gap. Indeed, it can be seen that the output gap stays very close to its target during all periods, and eventually inflation returns to its target as well.
A similar drift in self-fulfilling naive expectations, but then downward, arises around period 50.
However, now the nominal interest rate hits the ZLB around period 60, so that it is set sub-optimally high. This implies a high real interest rate, which depresses the output gap. Therefore, the economy enters a recession. Furthermore, the CB loses credibility with respect to output gap as well as inflation, implying that the economy is in the deflationary spiral case of Table 2 in Section 4.2. Moreover, inflation and output gap have become so low that the economy is in the deflationary spiral region of Figure 2 , and inflation and output gap keep decreasing while expectations remain naive. Hence, the system has entered a self-fulfilling deflationary spiral.
Comparing the blue curves in the top panels with the thin green curves, it can be concluded that the drifts in inflation indeed arise because of expectations and a loss in credibility and not just because of shocks. With the same shock sequence, rational expectations would lead both inflation and output gap to always stay close to their targets, and the ZLB would not become binding. In the online appendix it is shown that when the intensity of choice is set so low that credibility does not significantly change after a sequence of positive or negative shocks, inflation and output gap remain relatively stable and close to the rational expectations benchmark. We consider this, however, to be a less realistic calibration, because Cornea-Madeira et al. (2017) and Branch (2004 Branch ( , 2007 find considerable switching between our heuristics in inflation and survey data. In the online appendix it is further shown that for higher values of the intensity of choice parameter, where there are larger fluctuations in credibility, similar dynamics of inflation, output gap and the interest rate arise as in Figure 3 , indicating robustness of the above simulation.
Preventing deflationary spirals
How can the central bank prevent such a deflationary spiral? One possible solution would be to respond with aggressive monetary easing (ME) as soon as a liquidity trap is imminent. The central bank could set the interest rate as low as possible (i.e., zero) as soon as it would otherwise have set the interest rate below some threshold. That is,
The threshold, TR, indicates a danger zone of a low interest rate that threatens to fall below zero.
Another possibility is increasing the inflation target, which would make it less likely that the ZLB becomes binding and might limit how low inflation and output gap become when it does become binding.
This could guarantee that the system remains in the recovery region of Figure 2 and a deflationary spiral does not occur.
It turns out that both an increased inflation target and aggressive monetary easing can indeed prevent deflationary spirals in our simulations. Furthermore, the two measures are complements. When there is aggressive monetary easing in place, the inflation target needs to be raised by less to prevent a particular deflationary spiral, and vice versa.
[ Figure 4 about here.] Figure 4 illustrates that a combination of an increased inflation target and aggressive monetary easing indeed can prevent the deflationary spiral that occurred in Figure 3 . The inflation target is here set to an annualized 2.5%, and the central bank conducts aggressive monetary easing as soon as the annualized interest rate would have fallen below 1.5% (T R = 0.015/4).
During the period of low inflation from period 50 onward, the higher inflation target and the aggressive monetary easing work together to prevent a deflationary spiral. Inflation still falls and inflation expectations still become naive, but due to the increased inflation target, there is more room for inflation to fall before the ZLB is hit. However, inflation does fall enough for interest rates to drop below 1.5%.
This induces the central bank to start with aggressive monetary easing by setting the interest rate to 0%, which leads to a lower real interest rate than would otherwise have occurred. As a consequence, the output gap turns positive, which puts upward pressure on inflation, limiting the decline of inflation even more. When, in period 58, the interest rate finally reaches the ZLB, inflation and output gap are now high enough for the system to remain in the recovery region of Figure 2 and a deflationary spiral does not arise. Even though inflation expectations remain naive, inflation starts to rise slowly. During the subsequent recovery phase where the ZLB is no longer binding, the central bank keeps regularly applying aggressive monetary easing to let inflation increase towards its target more rapidly. Eventually, both inflation and output gap are brought back to their targets, and the central bank regains its credibility.
It must be noted, however, that the aggressive monetary easing leads to large output gap fluctuations, which is obviously not desirable from a welfare perspective. Moreover, an increased inflation target is generally considered to be costly as well. However, if the alternative is a long-lasting liquidity trap and/or deflationary spiral, then these costs may be worth paying. The online appendix illustrates, though, that there are also other measures that can help in preventing deflationary spirals, such as increasing the coefficient on inflation in the Taylor rule.
Conclusion
A New Keynesian model is used to study inflation targeting and liquidity traps. Instead of assuming rational expectations, we allow expectations to be formed heterogeneously by using a model where agents switch between heuristics based on relative performance. In our model, fundamentalists, who trust the central bank, compete with naive agents, who base their forecast on past information. The fraction of fundamentalist agents can, therefore, be interpreted as the credibility of the central bank. Unlike in rational expectations models, this allows us to endogenously model the central bank's credibility, which is of crucial importance in understanding liquidity traps.
Our first finding is that a nominal interest rate that responds too weakly or too strongly to output gap expectations leads to instability of the fundamental steady state. In this steady state, both inflation and output gap are equal to the targets set by the central bank. The region of policy parameters that lead to local stability of the fundamental steady state is, however, strictly larger than the region of policy parameters that result in a locally determinate equilibrium when rational expectations are assumed. In fact, we find that the well-known Taylor principle is not a necessary condition for local stability in our heterogeneous expectations model.
When the ZLB is introduced in our model, we find that expectations-driven liquidity traps can occur for all parameterizations of the policy rule. In such a liquidity trap, the central bank has lost some, or all, of its credibility, and low, naive expectations make the ZLB constraint binding. Whether the economy can recover from such a liquidity trap or whether a deflationary spiral with ever decreasing inflation and output gap occurs depends critically both on how low inflation and output gap have become and on how much credibility the central bank is able to retain. If the central bank has lost too much credibility, and inflation and output gap are too low, more and more agents start to coordinate on low, naive expectations, resulting in a self-fulfilling deflationary spiral. Coordination on naive expectations or on some other form of adaptive expectations is an empirically relevant and plausible situation that is encountered, for example, in Assenza et al. (2014) and other laboratory experiments.
With stochastic simulations, it is shown that small shocks to the economy can lead to coordination on low naive expectations, and that this can result in deflationary spirals. It is furthermore shown that a central bank can prevent deflationary spirals by increasing the inflation target and applying aggressive monetary easing when the interest rate becomes too low. These policy measures come, however, with their own disadvantages and costs to the economy. Therefore, a well balanced combination of different measures may be the best way to proceed. Woodford (1999) calibration in the annualized (π, x)-plane. Here b = +∞ and m π t+1 = m π t+2 = m x t+1 = m x t+2 = −1. The thick red line indicates the ZLB for naive expectations. The black dot at 2% inflation indicates the target steady state, while the black dot just below the ZLB depicts the unstable saddle steady state. For initial conditions to the left of the solid green and black dashed lines, a deflationary spiral occurs. For initial conditions to the right of these two lines, recovery to the positive interest region occurs. Figure 4 : Simulated time series in the case of an increased inflation target of 2.5% and aggressive monetary easing: the interest rate is set to 0 when it falls below the threshold of 1.5%. In the upper panels, the blue lines depict inflation and output in our model, the thin green lines depict time series that would have occurred under rational expectations, and the horizontal red lines depict the inflation and output gap targets. The bottom panel depicts both the actual interest rate (blue) and the rate prescribed by Equation (4) (thin red). The first two columns of the table display the coefficients of relative risk aversion, σ, and the slope of the Phillips curve, κ, found by Woodford (1999) , W, Clarida et al. (2000) , CGG, and McCallum and Nelson (1999) , MN. The final four columns depict the corresponding boundaries on φ 1 (the coefficient on inflation in the Taylor rule) for local stability (φ P F 1 and φ P D 1 ) and for global stability (φ GL 1 and φ GU 1 ) that follow from Proposition 2 and 3. Here, β = 0.99 and it is assumed that φ 2 = σ. 
Always Always Always Always m π t+2 = 1, m x t+2 = −1 Always --m π t+2 = −1, m x t+2 = 1 Always --m π t+2 = −1, m x t+2 = −1 Always --Deflationary spiral case
When b = +∞, the fraction variables m π t+1 , m x t+1 , m π t+2 and m x t+2 take on (excluding knife edge cases) only the values −1 or 1. The table displays that for some of the 16 possible combinations of these state variables, recovery to the positive interest region "Always" occurs. The case with m π t+1 = m x t+1 = m π t+2 = m x t+2 = −1 is the "Deflationary spiral case", discussed in Proposition 6. Conditions for recovery for this case are presented in Proposition 7.
